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In the present article, application of the lattice Boltzmannmethod has been extended to solve the energy equation

of a problem involving temperature dependent thermal conductivity. To validate the formulation, transient heat

conduction in a planarmediumwith andwithout temperature dependent thermal conductivitywas analyzed. Next, a

problem involving transient conduction and radiation in a participating medium was considered. To compare with

the performance of the lattice Boltzmann method, the energy equation was also solved using the finite difference

method. The discrete ordinates method was used to compute the radiative information in both methods. After

benchmarking the results against those available in the literature, temperature and heat flux results in the two

methods were compared for different parameters. The results of the two methods were found to compare very well.

Nomenclature

cp = specific heat, �kJ=kg� � K
ei = propagation speed in the direction i in the lattice, jeij,

m=s
ei = propagation velocity in the direction i in the lattice,

m=s
fi = particle distribution function in the i-direction, K
f�0�
i = equilibrium particle distribution function in the i-

direction, K
G = incident radiation, W=m2

I = intensity, W=m2

k = thermal conductivity, �W=m� � K
M = number of lattices/control volumes
m = index for direction
N = conduction-radiation parameter, k0�=4�T

3
W

q = heat flux,W=m2

S = source term, W=m3

T = temperature, K
t = time, s
w = weight
X = length of the medium, m
x = length, m
x� = nondimensional length, �x
� = thermal diffusivity, m2=s
� = extinction coefficient, m�1

� = coefficient for thermal conductivity variation
� 0 = variable thermal conductivity parameter, �W=m� � K2

� = polar angle
" = emissivity
� = nondimensional temperature
�a = absorption coefficient, m�1

� = direction cosine with respect to the x-axis
	 = nondimensional time, ��2t

 = density, kg=m3

� = Stefan–Boltzmann constant, 5:67 � 10�8 �W=m2� �
K4

�s = scattering coefficient, m�1

� = relaxation time, s
� = phase function
� = nondimensional heat flux
! = scattering albedo
� = rate of change of fi due to collision, K=s

Subscripts

b = boundary
C = conductive
E,W = east, west
i = direction
n = index for the lattice node
P = cell center
R = radiative
T = total
0 = reference
1, 2 = directions in a D1Q2 lattice

Superscripts

m = direction
* = nondimensional quantity

I. Introduction

I N the recent past, the usage of the lattice Boltzmann method
(LBM) as an alternative to the conventional computational fluid

dynamics (CFD) solvers has gained momentum [1–15]. As a
different approach from CFD, the LBM has been demonstrated to be
successful in simulations of a large class of problems in science and
engineering [1–4]. The proponents of the LBM consider this method
to have the potential to become a versatile CFD platform [1–5].

Traditional CFD techniques such as the finite element method, the
finite difference method (FDM), and the finite volume method are
top-down approaches that solve the macroscopic transport equations
of mass, momentum, and energy by directly discretizing them. The
LBM, on the other hand, is a bottom-up approach that uses kinetic
equation models and corresponding relations between the actually
simulated statistical dynamics at a microscopic level and transport
equations at the macroscopic level. By construction, the approach of
the LBM assures conservation of relevant macroscopic quantities
such as mass and momentum. The LBM inherits many of the
advantages of molecular dynamics and kinetic theories due to its
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microscopic origin. In comparison with conventional CFDmethods,
the advantages of the LBM include, among others, a simple
calculation procedure, a simple and efficient implementation for
parallel computation, and an easy and robust handling of complex
geometries. The LBM is second-order accurate in both space and
time [1].

The applicability of the LBM in fluid mechanics is well
established [1–8]. Currently, its application to heat transfer is also
gaining momentum [9–15]. Quite recently, the LBM has been
applied to solve a hyperbolic heat conduction problem [11] and
phase-change problems [14,15]. Mishra and Lankadasu [11] and
Mishra et al. [12] used the LBM to solve the energy equations of
problems dealing with conduction and radiation heat transfer. All
previous studies [9–15] of the LBMapplied to heat transfer problems
dealt with constant thermophysical properties and the method was
found to provide accurate results.

In most heat transfer problems, temperature varies over a wide
range. Ideally, thermal conductivity of the medium is temperature
dependent, and in such problems, the assumption of constant thermal
conductivity provides less accurate results [16–19]. However, with
consideration of temperature dependent thermal conductivity, the
energy equation becomes nonlinear and its solution thus becomes
difficult [16–19].

To extend the usage of the LBM to account for variable
thermophysical properties, the present work is aimed at providing a
new formulation of the LBM to deal with temperature dependent
thermal conductivity. With variable thermal conductivity, unlike the
case of constant properties, the relaxation time in the LBM becomes
temperature dependent, and this concept of variable relaxation time
has not yet been studied.

A large class of problems involves analysis of conduction and
radiation heat transfer. In such problems, to provide the radiative
information for the energy equation, the discrete ordinates method
(DOM) [20] is one of the most widely used methods. Another
objective of the present work, therefore, is also to show the numerical
compatibility of two different kinds of methods, the LBM and the
DOM.

To validate the formulation, one-dimensional transient heat
conduction without radiation in a planar medium with temperature-
dependent thermal conductivity has been considered first. Next, the
LBM has been applied to solve the energy equation of problems
involving one-dimensional conduction and radiation heat transfer
with temperature-dependent thermal conductivity. To check the
suitability of the LBM, the energy equation of the same problems has
also been solved using the FDM. The DOM has been used in both
cases to find the radiative information. For benchmarking purposes,
some sample results have been compared with those available in the
literature [16,18]. Comparisons of the number of iterations and CPU
times in the two methods have also been made.

II. Formulation

Consider a one-dimensional planar absorbing, emitting, and
scattering medium (Fig. 1). Thermophysical properties such as

density, specific heat, and extinction coefficient are assumed to be
constant. Initially the entire system is at temperature TE, and for time
t > 0, the west boundary is maintained at temperature TW . The
thermal conductivity of the medium is assumed to vary with
temperature. Its variation is given by

k� k0 � � 0�T � TW� (1)

where k0 is the reference thermal conductivity. In the absence of
convection and heat generation, for the problem under consideration,
the energy equation is given by


cP
@T

@t
�� @

@x

�
�k @T

@x

�
� @qR

@x
(2)

Substituting for k from Eq. (1) into Eq. (2), we get
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@2T

@x2
� � 0

�
@T

@x

�
2

� @qR

@x
(3)

With nondimensional temperature, distance x�, conduction-
radiation parameter, radiative heat flux �R, time 	, and variable
thermal conductivity parameter defined in the following way

�� T
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4�T3
W
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Eq. (3) becomes
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For the problem under consideration, the initial and boundary
conditions are the following:

Initial condition

T�x; 0� � TE (6)

Boundary conditions

T�0; t� � TW; T�X; t� � TE

Equation (5) is a nonlinear partial differential equation in which,
apart from the nonlinearity in the radiative term @�R=@x

�, the first
two terms on the right-hand side are also nonlinear.While solving the
energy equation of any radiation, conduction, and/or convection
mode problems, at any time level, radiative information is calculated
from the temperature values of the previous iteration. Thus, the
nonlinearity in the overall energy equation, as caused by radiation,
does not appear. However, nonlinearity in other terms of the energy
equation requires separate treatment whose solution in the
conventional CFD methods such as the FDM is complicated.
Details on the solution of Eq. (5) using the FDMcan be found in [16–
19]. In the LBM, however, solution of this problem is simpler. In the

Fig. 1 One-dimensional planar geometry under consideration. Lattices and control volumes are staggered.
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following pages, we first provide a brief formulation of the DOM to
compute the radiative information @qR=@x and then discuss the LBM
to solve the energy equation.

A. Discrete Ordinates Method Formulation

The divergence of the radiative heat flux @qR=@x is given by [20]

@qR

@x
� �a

�
4�

�T4

�
�G

�
(7)

which, for a planar medium, is given by the following form and from
[21]

G� 2�

Z
�

�

I��� sin � d�� 4�
XM
m�1

I��m� sin �m sin

�
��m

2

�
(8)

where M is the total number of intensities I considered over the
complete span of ��0 � � � ��.

In the DOM, for a planar medium, the radiative transfer equation
for the discrete direction m is given by

�m
@Im

@x
���Im � Sm (9)

where �� cos � is the direction cosine. For a planar medium S is
given by

S� �a�T
4

�
� �s

4�
2�

Z
�

0

I������; �0� sin � d� (10)

where � is the anisotropic phase function. If the medium is
absorbing, emitting, and isotropically scattering ��� 1�, the source
term can be written as

S� �a
�T4

�
� �S

4�
G (11)

Integrating Eq. (9) over a one-dimensional control volume, we get

�m
�
ImE � ImW

�
���dxImP � dxSm

P (12)

where IE and IW are the intensities at the east and the west cell
boundaries, and IP and SP are the intensity and the source term at the
cell center P. If IP � �IE � IW�=2, in terms of known intensities, the
cell center intensity IP can be written as

Imp �
8<
:

2�mIm
W
�Smp dx

2�m��dx
; � > 0

2j�mjImE�Smp dx

2j�mj��dx
; � < 0

(13)

In the preceding equations, � has been measured clockwise from
the outward normal to the west boundary. Marching from the west
boundary we have � > 0 and IW is the known intensity in a given
control volume. For a boundary control volume, the unknown
intensity is found from the radiative boundary condition. For a
diffuse-gray boundary with emissivity "b and temperature Tb,
boundary intensity Ib�E;W is computed from [21]

Ib�E;W � "b�T
4
b

�
�

�
1� "b
�

�
2�

XM=2

m�1

Im cos �m sin �m sin���m�

(14)

Once the intensities are known, radiative heat flux can be computed
from the following [21]

qR � 2�

Z
�

��0

I��� cos � sin � d�� 2�
XM
m�1

Im cos �m sin �m sin���m�

(15)

and the divergence of radiative heat flux required for the energy
equation is computed from Eq. (7).
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Fig. 2 Comparison of � at different instants of � for one-dimensional conduction problem without radiation.
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B. Lattice Boltzmann Method Formulation

The starting point of the LBM is the kinetic equation which for a
one-dimensional geometry with the D1Q2 lattice (Fig. 1) is given by
[3,4,13]

@fi�x; t�
@t

� ei � rfi�x; t� ��i i� 1 and 2 (16)

where fi denotes the number of particles at the lattice node x and t
moving in direction i with velocity ei along the lattice link �x�
ei�t connecting the neighbors. The discrete Boltzmann equation
with the Bhatanagar–Gross–Krook (BGK) approximation [22] is
given by [3,4]

@fi�x; t�
@t

� ei � rfi�x; t� � � 1

�

h
fi�x; t� � f�0�

i �x; t�
i

(17)

For a given application, relaxation time is different for different
lattices. In the present work, for a one-dimensional planar medium,
the relaxation time for the D1Q2 lattice (Fig. 1) is computed from
[3,4]

�� �

jeij2
��t

2
(18)

For this lattice, the two velocities e1 and e2, and their corresponding
weights w1 and w2 are given by

e1 �
�x

�t
; e2 ���x

�t
(19)

w1 �w2 �
1

2
(20)

It is to be noted that for any kind of lattice, weights always satisfy the
relation

Xm
i�1

wi � 1 (21)

After discretization, Eq. (17) can be written as [3,4]

fi�x� ei�t; t��t� � fi�x; t� �
�t

�

h
fi�x; t� � f�0�

i �x; t�
i

(22)

Equation (22) is the LBMequationwith the BGK approximation that
describes the evolution of the particle distribution function. The
algorithm for Eq. (22) can be divided into two essential parts per time
step:

1) The calculation of new distribution functions with respect to the
right-hand side of Eq. (22), the so-called collision.

2) The streaming of the distribution functions to the next
neighboring nodes usually referred to as propagation.

In the case of heat transfer problems, the temperature is obtained
after summing fi over all directions [3,4,13], i.e.,

T�x; t� �
X
i�1;2

fi�x; t� (23)

Table 1 Comparison of steady-state nondimensional heat flux results [16,18]; N� 0:5, �� 1:0, �E � 0:5

! � x=X Chu and Tseng [16] Talukdar and Mishra [18] Present work

FDM-DOM LBM-DOM

�C=4 �R=4 �C=4 �R=4 �C=4 �R=4 �C=4 �R=4

0.0 0.4 0.25 0.3791 0.1645 0.3791 0.1644 0.3802 0.1641 0.3801 0.1641
0.50 0.3876 0.1559 0.3876 0.1559 0.3885 0.1555 0.3885 0.1555
0.75 0.4138 0.1298 0.4138 0.1297 0.4141 0.1293 0.4142 0.1293

0.0 �0:4 0.25 0.0739 0.1668 0.0739 0.1668 0.0743 0.1665 0.0741 0.1665
0.50 0.0917 0.1491 0.0917 0.1490 0.0918 0.1484 0.0917 0.1485
0.75 0.1203 0.1204 0.1203 0.1204 0.1197 0.1198 0.1201 0.1199

0.5 0.4 0.25 0.3858 0.1520 0.3858 0.1520 0.3871 0.1516 0.3870 0.1517
0.50 0.3925 0.1453 0.3924 0.1454 0.3932 0.1450 0.3932 0.1450
0.75 0.4101 0.1277 0.4101 0.1277 0.4101 0.1274 0.4102 0.1275

0.5 �0:4 0.25 0.0810 0.1550 0.0809 0.1551 0.0813 0.1548 0.0809 0.1548
0.50 0.0952 0.1408 0.0951 0.1409 0.0950 0.1404 0.0950 0.1405
0.75 0.1157 0.1203 0.1157 0.1203 0.1150 0.1198 0.1154 0.1199
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Fig. 3 Comparison of variation of �T.
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To process Eq. (22), an equilibrium distribution function is required.
For heat conduction problems, this is given by

f�0�
i �x; t� �wiT�x; t� (24)

From Eqs. (21), (23), and (24), we also have

X
i�1;2

f�0�
i �x; t� �

X
i�1;2

wiT�x; t� � T�x; t� �
X
i�1;2

fi�x; t� (25)

Equation (25), with definitions of temperature T�x; t� and

equilibrium distribution function f�0�
i �x; t� given in Eqs. (23) and

(24), respectively, provide the solution of a transient heat conduction
problem in the LBM. To account for the radiation term (term 3) in the
energy equation [Eq. (3)], in the LBM formulation, Eq. (22) is
modified to [11,12]

fi�x� ei�t; t��t� � fi�x; t� �
�t

�

h
fi�x; t� � f�0�

i �x; t�
i

��twi


cp

@qR

@x
(26)

Equation (26) is the equivalent form of the energy equation [Eq. (3)]
in the LBM formulation.

To account for the temperature dependent thermal conductivity
[Eq. (1)], the expression for the relaxation time given in Eq. (18) is
modified as

� � k=
cp
jeij2

��t

2
� k0 � � 0�T � TW�


cpjeij2
��t

2
� k0


cpjeij2

� � 0


cpjeij2
�T � TW� �

�t

2
(27)

With nondimensional quantities as defined in Eq. (4), Eq. (26) in
nondimensional form is given by

f�
i �x� � e�i �	; 	��	� � f�

i �x�; 	� �
�t

��
	fi�x�; 	� � f��0�

i �x�; 	�


��	wi

4N

@�R

@x�

(28)

where the divergence of radiative heatflux in nondimensional form is

@�R

@x�
� 4�1� !�

�
�4 � G�

4�

�
(29)

and the relaxation time has the following form

�� � 1

��x�=�	�2 �
�

��x�=�	�2 �� � �W� �
�	

2
(30)

In the LBM, at the boundaries, the particle distribution functions
going inside the medium (Fig. 1) are unknown and these are
computed from the boundary conditions. For the present problem, at
the west and the east boundaries, the unknown particle distribution
functions f�

1 �0; 	� and f�
2 ��X; 	� are given by

(at the west boundary)

f�
1 �0; 	� � �f�

2 �0; 	� � �W (31)

(at the east boundary)

f�
2 ��X; 	� � �f�

1 ��X; 	� � �E

Details on implementation of the temperature as well as flux
boundary conditions for various geometries are given in [13] and the
solution procedure in the LBM to solve conduction-radiation
problems can be found in [11,12].

III. Results and Discussion

The LBM formulation with variable thermal conductivity
presented in the preceding section is validated first by solving
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Fig. 4 Comparison of � for different values of � for scattering albedo.
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a one-dimensional transient heat conduction problem without
radiation. Next, we consider transient conduction and radiation heat
transfer in an absorbing, emitting, and scattering planar layer. Both
with and without radiation, the governing energy equation was also
solved using the FDM [16]. In both the methods, radiative
information was computed using the DOM. In solving these
problems, for the grid independent situation, 100 lattices (control
volumes in the FDM and the DOM) were used. For the ray
independent situation, 16 equally spaced discrete directions were
used in the DOM. The direction cosines and the procedure for the
evaluation of incident radiation and heat flux were based on the
procedure suggested in [21] and as given in Eqs. (8) and (15). Steady-
state (SS) conditions in both the LBM and the FDMwere assumed to
have been reached when the temperature difference between two
consecutive time levels at each lattice center (node in the FDM) did
not exceed 1 � 10�6. In solving the energy equation, a nondimen-
sional time step of�	� 0:0001was considered. For all of the cases
(with or without radiation) considered, the initial and the boundary
conditions are given in Eq. (6) in which TW � 2TE.

A. One-Dimensional Heat Conduction Without Radiation

Nondimensional temperature results for one-dimensional
transient heat conduction without radiation for the variable thermal

conductivity parameter have been presented in Fig. 2. For � � 0:0,
0.5, and�0:5, � at different instants of time 	 obtained from the LBM
has been compared with the FDM results in Figs. 2a–2c,
respectively. It can be seen from Fig. 2 that for all values of �, the SS
results of the two methods match very well with each other.
However, because the convergence rates of the two methods are not
the same [11,12], transient results of the two methods differ slightly
at some values of 	. The SS time of the LBM is seen to be greater than
that of the FDM.

B. One-Dimensional Heat Conduction with Radiation

In the following pages, the SS results are presented for one-
dimensional transient conduction and radiation heat transfer.
Radiatively, the homogeneous and gray medium has been taken as
absorbing, emitting, and isotropically scattering, and both
boundaries have been considered black.

In Table 1, the nondimensional SS heat flux results of the LBM
and the FDMusing the DOM for the radiative information have been
validated with Chu and Tseng [16], and Talukdar and Mishra [18].
For the conduction-radiation parameter N � 0:5, the extinction
coefficient �� 1:0, and �E � 0:5, the conductive heat flux �C and
the radiative heat flux �R have been compared at three different
locations in the medium. For scattering albedo !� 0 and 0.5, these
comparisons have been made for the two values of the coefficient of
thermal conductivity variation, viz., 0.4 and �0:4. It is to be noted
that to compare this work with that of [16,18], we have taken the
thermal conductivity variation here as k� k0 � � 0T. However, for
the rest of the results, the thermal conductivity variation is given by
Eq. (1). It can be seen fromTable 1 that the LBMand the FDMresults
compare very well with those of [16,18].

It is to be noted that for the results in Table 1 and in the following
pages, at any location in the medium, including the two boundaries,
the conductive heat flux �C and the total flux �T have been
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Fig. 5 Comparison of � for different values of � for N.
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computed from

�T ��C ��R ��4N
�
1� �

N
�� � 1�

�
d�

dx�
��R (32)

Having validated the results of the FDM and the LBM with those
available in the literature, results of the two methods are now
compared with each other for different situations.

In Fig. 3a, for the conduction-radiation parameter N � 0:5, the
total heat flux �T results of the LBM and the FDM have been
compared for variation of the coefficient of thermal conductivity for
three different values of the scattering albedo. In Fig. 3b, for!� 0:5,
the same have been compared for variation of N for three different
values of �. For results in Figs. 3a and 3b, the extinction coefficient
�� 1:0. It can be seen fromFig. 3 that the LBM results and the FDM
results are in very good agreement with each other.

With N � 0:5 and �� 1:0, for � ��0:5, 0.0, and 0.5,
temperature results of the LBM and the FDM have been compared
for !� 0:0, 0.5, and 1.0 in Figs. 4a–4c, respectively. The LBM and
the FDM results are seen to perfectly match with each other. For all
values of!, � is seen to have a significant effect on �. However, for a
given value of �, the variation of � with ! is not significant.

In Figs. 5a and 5b, � variation has been compared for N � 0:01
and 0.1, respectively. In both of the figures, � variations have been
compared for the four different values of �. For these results,�� 1:0
and !� 0:5. In the radiation dominated situation (Fig. 5a), � is seen
to have a significant effect on �, and this effect is close to the east
(colder) boundary. The LBM and the FDM results are seen to
compare very well with each other.

For �� 1:0 and!� 0:0, in Figs. 6a–6f, the total heat flux�T , the
conductive heat flux �C, and the radiative heat flux �R, have been
compared for different values of N and �. In these figures,
comparisons have been shown forN � 0:5, 1.5, and 3.0, and � � 0:4
and �0:4. With an increase in the value of N, the situation becomes
more conduction dominated, and accordingly the contribution of�C

to �T is seen to increase. Although �C and �R continuously vary
inside the medium, as expected, their sum �T is constant at every
point in the medium. The LBM and the FDM results are seen to
compare exactly with each other.

C. Comparison of CPU Times and Number of Iterations

To get an idea of the CPU times (in seconds) and the number of
iterations in the LBM and the FDM, some results are presented in
Table 2. All runs were made on an IBM Thinkpad, model R40,
Mobile Intel Pentium 4, 2.0 GHz, 256 MB RAM at 266 MHz. With
�� 1:0 and !� 0:5, for three values of � and three values ofN, the
CPU times and the number of iterations have been compared for 100
lattices/control volumes and 16 directions in the DOM. For a given
value of � ��0:5, in the radiation dominated situation (lower values
of N), both methods converge fast and LBM is faster than the FDM.
However, in the conduction dominated case, FDM is faster than the
LBM. Further, it is seen that for a given value of N, both methods
converge fast for the negative values of � and the LBM is seen to take
more iterations. For � < 0, the second term on the right-hand side of
Eq. (1) is always positive (because TW is always greater than T).
Thus, the lower the value of �, the higher the value of thermal
conductivity and, subsequently, the faster is the convergence to SS.

IV. Conclusions

The LBM was applied to solve the energy equation for problems
dealing with variable thermal conductivity which was assumed to
vary linearly with temperature. In all cases, to compare the
performance of the LBM, the energy equation was also solved using
the FDM. Radiative information from both methods was computed
using the DOM. In all cases, the LBMwas found to provide accurate
results. In most cases, for the SS solutions, the LBM was found to
take more iterations and the CPU time was slightly higher than that
for the FDM.

The basic objective of the present work was to emphasize the
concept of variable relaxation time � [Eq. (27)] and to highlight the
applicability of the LBM to deal with variable thermal conductivity
problems with ease and accuracy. In addition, the work also
highlighted the numerical compatibility of two different kinds of
methods, the LBM and the DOM. The LBMwas found to work very
well for all cases considered. In multidimensional geometries with
greater complexity, like hydrodynamics, computationally the LBM
mayhave an advantage over conventionalmethods.Hence, the usage
of the LBM for complex thermofluid problems with or without
radiation should be explored.
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